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Bifurcation currents for the family of symmetric products
of quadratic polynomials

Shizuo Nakane *

In this note, we consider the dynamics of a family of regular polynomial endomorphisms of CQ,
obtained as the symmetric products of quadratic polynomials of one variable. The support of the

bifurcation current of the family is investigated.

1 Introduction

We will consider the family of regular polynomial endomorphisms H. of C? of the
form :
H.(z,y) = (2% = 2y + 2¢, 9> + ca® = 2cy + ), ceC.

A polynomial map f of C* of degree d is called regular if its homogeneous part f5 of
degree d satisfies f,~ 1(0) = {0}. Any regular polynomial map extends to an analytic
map of P*. Let II denote the hyperplane at oo, which is isomorphic to P! In
case k = 2, II is isomorphic to the Riemann sphere C. Put fij = f lm. As for H,,
since Hep(7,y) = (22,9 + cz?), it is regular and H.yy is the quadratic polynomial
pc(g) = C2 +c.

The map H, is obtained as the symmetric product of the quadratic map p.(z) =
22+ c of one variable (see Morosawa et. al. [MNTU]). That is, put (z,y) = ¥(s,t) =
(s+t,st) and Pe(s,t) = (pe(s),pe(t)). Then it follows

Hoo(s,t) = (s> +c+t2+ ¢, (s* +c)(t* 4+ ¢)) =¥ o Pu(s,t).

The critical set C = C(H,.) of H, is directly calculated and is equal to {xy = 0}. For
general symmetric products, we have

Lemma 1.1. C(H,.) = ¥((C(p.) x C) U (C x C(p.)) U {W =0}).
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proof. Taking the jacobians of both sides of the equality :
H, 09(5,t) = (pe(s) + pe(t), pe(s)pe(t)), we have

Jac(H.)(¥(s, ) Jac(y)(s,t) = det(p/p’c(s) (p’c(t )

= Pe()Pe(t)(pe(s) — pe(t
Since Jac(y)(s,t) = s — t, it follows

Jac(H)((s. 1)) = p(s)pl() 2P,

This completes the proof. O

Let G¢(2) = limy, oo d " log™ | f"(z)| be the Green function for a regular polyno-
mial endomorphism f of C* of degree d. It is a continuous plurisubharmonic function
on C* and defines a positive closed (1,1)-current 7" := dd°G 7. Then p = T* is well
defined and gives a positive invariant measure. In fact, it is the ergodic measure of
maximal entropy for f.

Put G. = Gy,. Note that Gp,(s,t) = max (Gp.(s), Gp,(t)). Let ¢g and ¢ be the
two branches of the inverse of the map 1. The relation (z,y) = 1(s,t) implies s and
t are the roots of the quadratic equation 22 — 2z +y = 0. Hence, if ¢o(z,y) = (s,1),
then ¢1(x,y) = (¢, s). By the semiconjugacy H. o1 = 1 o P, we have

Ge(r,y) = Gp, o ¢o(x,y) = Gp, o d1(z,Y).

2 Bifurcation current

We will consider the bifurcation current of the family {H.}. First we calculate the
sum of Lyapunov exponents for H.. The sum of Lyapunov exponents A(f) of a
regular polynomial endomorphism f of C* is defined by

1 n
A(f) = Alf,p) = lim —log|det Df"(z)],
for p-a.e. x € C*. By the ergodicity of u, it follows
A(f) = [ tog det D .

For a polynomial map p on C of degree d, A(p) is as follows :

A(p) =logd + Y Gyley), (1)
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where ¢; are the finite critical points of p. See Mané [Ma], Manning [Mn] or Przy-
tycki [P]. The bifurcation current Ty of a holomorphic family {f\}rex of regular
polynomial endomorphisms is given by Ty, ¢ := ddSA(fy).

We will use the following result due to Bedford and Jonsson [BJ]. The critical

measure et for f is defined by s := [C] A T*~1. Here [C] is the current of
integration along C.

Lemma 2.1. (/BJ], Theorem 3.2) The sum of Lyapunov exponents A(f) of a reqular
polynomial endomorphism f of c* of degree d is expressed by

A(f) = logd + A(fn) + / G torit.

Here is the main theorem in this section.

Theorem 2.1. A(H.) = 2A(p.).

proof. If we put C; = {y = 0} and Cy = {z = 0}, we have [C] = [C1] + [C2].
First consider [C1] AT = ddG.(x,0). Since ¢j(x,0) are either (z,0) or (0,x), it
follows
Gol,0) = G, (,0) = maz Gy (¢), G (0))
Thus,

[CUAT = ddiGe(z,0)
= dd; max (Gpc(x)7 Gpc (O))
= @:ddf max (10g+ |t|7 Gpc (0))

= lim  @ddf maz (log™ |t],€) .
R gy Pl maz (log™ [, )

Here we give some remarks on the right hand side of the above equality. Since the
Béttcher coordinate ¢, of p. is invertible in the region G, (z) > G,.(0), the pull-
backs @idd§ maz (log* |t],€) are well defined for € > G}, (0). Then the right hand
side can be regarded as their weak limit as € ~\, G),(0) and is supported on the
critical equipotential G, (z) = G,.(0). Hence [ G.[Ci]AT = G,,(0). See Appendix.

Next consider [Co] AT Since ¢;(0,y) are either (v/—y, —/—y) or (—v/—=y, vV/=Y),
it follows

GC(Ovy) = GPc(V —Y =V _y)

max (Gpc( \% _y)? Gpc(_ V _y))
= Gp.(V—y)

1
= Gnl-y+o).
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Thus [Co] AT = dd;,G(0,y) = ddj,Gp.(—y + c). Since Gy, is harmonic in the region
Gp. > 0, the support of dd°G), is included in the region G,. = 0. Thus G. = 0 on
the support of [Co] AT. Hence it follows [ G, [Co] AT = 0.
Now we have [ Geperit = [ Ge[C] AT = Gp.(0). By Lemma 2.1, we conclude
that
A(H.) =log2+ A(H.11) + Gp.(0) =log 2 + A(pc) + Gp.(0).

From (1), we have A(p.) =log2 + G).(0), hence we get the conclusion. O
As a corollary, we have a very natural conclusion.

Corollary 2.1. The support of Ty;y coincides with the boundary of the Mandelbrot
set.

In fact, DeMarco [De2]| has shown that the support of the bifurcation current
for a holomorphic family of rational maps on C is equal to the bifurcation locus of
the family. In particular, for the family of quadratic polynomials {p.;c € C}, the
support of the bifurcation current is equal to the boundary of the Mandelbrot set.

Bassanelli and Berteloot [BB] have investigated the bifurcation currents of a
holomorphic family {f)}ecx of holomorphic maps on P* and obtained the following.

Proposition 2.1. ([BB], Theorem 2.2) A(f)) is pluriharmonic if the repelling cycles
of fx move holomorphically on X.

This implies the support of the bifurcation current is included in the complement
of the subset where the repelling cycles move holomorphically. Let us check this
property for our family. Suppose (z,y) = ¥ (s,t) is a periodic point of H,. of period
n. Then

U(s,t) = (z,y) = H'(x,y) = ¢ o PI'(s,t) = (Pl (s), pc (1))

Hence it follows s = pl(s),t = pl(t) or s = p(t),t = pl(s). Taking the differentials
of the semiconjugacy H o1 = ¢ o P, we have DH'-Dvy = D - DP!. If s # t, then
the multipliers of DH" coincide with those of DPY, that is, (p?)'(s) and (p)'(t).
If s =t, then pl(s) = s. Although D1 is not invertible, we can also show that the
multipliers of DH]' coincide with those of DP! by approximating the point (s, s)
by (Sn,tn) with s, # t,. Thus we have

Lemma 2.2. Any periodic point (x,y) of H. is expressed as (x,y) = ¥(s,t) with s
and t periodic for p.. The absolute values of the multipliers of (x,y) coincide with
those of s and t. In particular, (x,y) is repelling if and only if both s and t are
repelling.
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As a corollary, we get a result weaker than Corollary 2.1.

Corollary 2.2. The support of the bifurcation current for our family is included in
the boundary of the Mandelbrot set.

proof. This follows from the fact that, in the complement of the boundary of
the Mandelbrot set, all the repelling cycles move holomorphically. O

3 Uniformly laminar structure

Let ¢ = ¢, ! be the inverse Béttcher coordinate of p.. Then W.(u,v) := (¢.(u) +
B, B?ﬁc(u)) is the inverse Bottcher coordinate of H, defined on W*(Jm, Hep)N Ao 1, -
u'u

If K. = K(p.) is connected, 1. is a conformal isomorphism C\ D — C\ K.
If we put © : Jg x (C\Dg) — W*(Ju, Hep) N Aoz, by O((,t) = (t,(t), we have

H.oW¥,.00((,t) = H.oW.(t(t)
= W (%, (34 o)t?)
= W.00(H.1n(C),t?).

Thus ¥, 0 O((,-) gives a parametrization of local stable disks at ¢ € Jr. Applying
Lemma 3.4 in [Du] to the map v = V.0 0O((,-) with 7 = 7., this turns out to give
a Riemann surface lamination on W#(Ji) N Ag g,. It also gives a uniformly laminar
structure to the current T' = dd°G, restricted to W*(Jip) N Ao g,. See [BJ]. Here
we do not necessarily need their assumption that H, is uniformly expanding on J,
because we have a global inverse Bottcher coordinate.

4 Appendix

Let A be the Laplacian on R* = C and G(z) = maz(log™ |z|,€) for € > 0. We will
show the following.

Proposition 4.1. < AG,p >= f027r ©(eT0)df for o € C3°(R?).

1
Corollary 4.1. The support of the current dd°G = 2—Ade A dy is equal to the
T

circle |z| = e-.
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2 1 1 2
9 0 + —8— Thus it follows

proof. By the polar coordinate, A = 2 + ~ar T 2o

<AG, o> = <G, Ap>

27
= / / G- (Qprr + T_IQDT + 7’_29099)7“drd9
0 0

2
+/ / G- (907‘7‘ + 7"_1907" + T_ZQDGG)rdeG
0 e
= L1+ I,

2m
L = / / r(Pr'r“‘(Pr)drdg
0

2
= / 71807‘
0

2
= / ee‘pr(e 5“9 )do,
0
27
L, = / / logr - (ror + @ )drdf
0 e€

27 00
/ / logr - (ro,)rdrdd
0 e€

27 )
= [ {llogr - (rpn))° — / rriordr}do
0 e

Here, we have

3

3

2 ) )
N / {—eeor(e™) + p(et) }db.
0
Then it follows )
< AG,p >—/ o(et9)dp.
0
This completes the proof of the proposition. O
Corollary 4.2. [G.[Ci] AT = Gy, (0).
proof. Since
Ge(2,0) = max(Gp.(2), Gp.(0))
= yymaz(log” 7, G, (0))

= lim max(log® r, e
g )soc ( );
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we have [C1] AT = lim g, (0) p-dd°G. By Proposition 4.1, it follows

/G [C)ANT = lim < G.(z,0),pldd°G >
eN\Gpc(0)

e hm < C*GC x’o 7ddCGv >

gy < PerGel@0)
— lim i 21 maz(G,,.(x),G,.(0)) o ( e+19)d9
= E\Gpc (0) 27 0 Pc » M Pe QOC

1 2m
= lim / log™ edf
E\GPC (O) 271— 0

= lim e
E\GPC(O)
= Gp.(0).

This completes the proof. O
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