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1 Introduction

In this paper, letting p be a prime number, we consider rings defined over a prime field F,.
We shall study the existence of a p-basis of a ring A over B, where B is an intermediate ring of
A and AP. Here AP denotes the image of A by the Frobenius map. The sequence A D B D A?
is said to be a Frobenius Sandwitch.

If A has a p-basis over B and B has a p-basis over AP, then we say that the Frobenius
Sandwitch has a p-basis.

When A is a regular local ring and B is also a regular local ring, the existence of a p-basis of the
Frobenius Sandwitch was proved by T.Kimura and H.Niitsuma[3], which had been conjectured
by E.Kunz.

When A is a polynomial ring k[, x2] over k, k is a perfect field and B is the middle ring of the
Frobenius Sandwitch which is written as k[y1, yo], the existence was also proved by T.Kimura
and H.Niitsumal5].

Here, we shall prove the existence of a p-basis of the Frobenius Sandwitch A 2 B D AP in
the case where A = k[z1,xs], B = k'[y1,y2] and AP = kP[2], 28], k being a field, k' being an
interemediate field between & and kP, and x; and x5 being algebraically independent over k.
Namely, we obtain the following result:

Main Theorem

Let k be a field of characteristic p > 0. Let A = k[x1, 5], A" = K'[x1, 23], B = K'[y1, y2] and
AP = [Pah ab] which are the polynomial rings over k in two variables such that A D B D AP.
Assume that yy,y2 € K[y, z2), ¥, 25 € k'P[y1,y2] and [®(A') : ®(B)] = p. Then, there exists a
p-basis of the Frobenius Sandwitch.

Here, ®(A) denotes the field of fractions of an integral domain A.
Note that the above result is a generalization of the following Theorem|5].

Theorem|[5]

Let k be a perfect field of characteristic p > 0. Let A = k[x1, 2], B = kly1, y2] and

AP = k[ah 28] which are the polynomial rings over k in two variables such that A D B D AP.
Assume that [®(A) : ®(B)] = p. Then, there exists a p-basis of the Frobenius Sandwitch.
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2 Preliminaries

We use the notion of the Galois extension of rings introduced by S.Yuanl6].

Definition 2.1
Let D be a ring of characteristic p. When a D-algebra C satisfies the following conditions, C'
is said to be a Galois extension of D.

(1) C is finitely generated and projective as a D-module,
(2) € D for allt € C,

or any prime ideal P in C', Cp admits a p-basis over Dg, where Q = PN D.
3) f ime ideal P in C, Cp admits a p-basis over D, where Q = P D

Theorem 2.2 (Yuan[6])
Let C be a Galois extension of A. Then the following three conditions hold.

(1) Ders(C) is finitely generated as a C-module.
(2) A={te Cldt=0,"d € Ders(C)}.
(3) Homa(C,C) = C[Ders(C)].

Here, Dery(C) is the set of derivations of C' over A, and C[Dery(C)] is the ring generated by
Der,(C) over C.

Theorem 2.3 (Yuan[6])
Let C' D> D D E be a tower of rings such that C' is a Galois extension over E and also over D.
Then

(1) D is a Galois extension over E.
(2) d € Derg(D) is uniquely extended to d € Derg(C).

(3) Let Gg(D) be the set of the extensions by (2) from the members of Derg(D). Then

DerE(C’) =C- GE(D) D DGI"D(C).

We also use the following theorem[1, p.116].

Theorem 2.4
Let P be an A-module, and n a non-negative integer. Then the following conditions are
equivalent.

(1) P is a projective module of rank n.

(2) P is finitely generated as an A-module and for any maximal ideal m of A, Py is a free
An-module of rank n.

(3) P is finitely generated as an A-module and for any prime ideal p of A, B, is a free
A,-module of rank n.
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(4) For any maximal ideal m of A, there exists f € A\ m such that Py is a free Aj-module
of rank n.

Note the following theorem[2, p257].

Theorem 2.5

Let A be a ring of characteristic p and x an element of A. Suppose D € Der(A) satisfies
Dz =1 and DP = 0; Ag = {a € A|Da = 0}. Then A is a free module over Ay with basis
1,z,22%, ..., 2P~ %

3 Lemmas and propositions

Our proof of Main Theorem depends on the following result.

Lemma 3.1

Let A 2 B 2 AP be an inclusion sequence of integral domains of characteristic p > 0, P a
prime ideal of A and Q = P N B. Then, when Ap has a p-basis, the cardinal number of the
p-basis is independent of the choice of P.

Proof: Let I' C Ap be a p-basis of Ap over Bg. Localizing both sides of Ap = Bgl[I]
by {1/s | s € P —{0}}, we have ®(A) = ®(B)[I]. For any finite subset of I" denoted by
{z1,...,2,}, assume

b€1-“6 e e bel"'en
Yoo A =0 ( € Q(B)> :

0<ey,..., en<p—1 tel“'en tel"'en,

Putting

t= I  tewen

0<et,en<p—1

multiply the above expression by ¢. Then we get

Soooob, e aftea =0 (B, €BCBg).

e1en 1l €1--en
0<e1,...en<p—1

Since {z1,...,x,} are p-independent over By, the coefficients b, .. vanish.
Here, b;,, .., = (bey.c, [tesoe,) - t, where t # 0. So all of be,...c, /L, ...e, are also vanish. Thus, I" is

p-independent also over ®(B). Therefore, I" is a p-basis of ®(A) over &(B), too. We conclude
that the cardinal number of the p-basis is independent of the choice of P.

Proposition 3.2
Let A, B, B' be the same as in Main Theorem. Then

(1) Derg(A’) is a free A'-module of rank 1,
(2) Derp/(B) is a free B- module of rank 1.

Proof: Let P be an arbitrary prime ideal of A" and @) = PN B. Then, A} and By are regular
local rings, since the polynomial rings over a field are regular rings by [2, p190]. Clearly, A%
is finitely generated as a Bg-module. Applying the theorem[3](Kunz’s conjecture), we see that
A'p has a p-basis over Bg. The assumption [®(A’) : ®(B)] = p implies the p-basis of ®(A’) over
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®(B) consists of a single member. By Lemma 3.1, the p-basis of A% also consists of a single
member. By Proposition5.6[7, p76],

{Zx}xen s a p-basis of A over B < {dz)}xea is a basis of Qp(A).

So Qp,(A%) is a free Ap-module of rank 1. On the other hand, by Proposition3.3[8, p57], we
get
Qp, (Ap) = (Q5(A")p = Qp(A) ®ar Ap.

By Corollary[2, p64], letting M and N be A-modules, we have
Homa(M,N)®4 Ap = Homy, (Mp, Np).
Accordingly,
(DerB(A/))p = DerB(A’) X ar A/p

= HOIHA/(QB (A/), A/) X A AIP

= Homy, ((2p(A"))p, Ap)

= HomA}a(QBQ(A/P)vA;P)

= Derp, (Ap).
Applying duality of free modules to Derp, (Ap) and Qp, (A%), we have Derp, (Ap) = Qp, (Ap).
Thus, (Derg(A’))p is a free Ap-module of rank 1. Then, by 2.4, Derg(A’) is a projective A’-
module of rank 1. By Serre’s conjecture which was proved(see [9]), Derg(A’) turns out to be

an A’-module of rank 1. Therefore, Derg(A’) is an A’-module of rank 1. Thus we complete the
proof of (1). As for (2), the same argument can be applied, since [®(B) : ®(B’')] = p.

Proposition 3.3

Let A', B, B’ be the same as in Main Theorem and F a polynomial in A’ such that F ¢ B’ =
K2}, 2h). If there exists G € B' such that OF/0z; = anG and OF /012 = oG (a1, a9 € A'),
then we have F =aG + H (a € A', H € B’).

Proof: F ¢ B’ = K[z}, 28] implies that one of the following assertion holds.
(1) F has a term ax¥z3* where v is not a multiple of p,
(2) F has a term az{'x§ where v is not a multiple of p.
Without loss of generality, we assume (1). Then, 0F/0x; = a;G # 0 and we shall show that
F=a3G+03 (az€ A, € Bxg) =K[2],x3]). -+ (%)

Since G € B’ = k/[2}, 28], it follows that

0 0 0
aTsl(OézG +8) = 07361(063G> + 871(@
0
= aixl(OfSG)
0 0
= G@(%) + 0138761(0)
— 0 (o)
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Thus, we can prove (x) if we find a3 € A’ such that das/dx; = ay.
Actually, for
a1 = Bpal + Bz 4+ By (B € B'[aa)),

we can take

B 1, P
@ = n—:lgbi“r + =l + -+ forr
Note that o;G doesn’t have a term axiz] where v + 1 is not a multiple of p, since a;G is the
result of partial differentiation with respect to z;. So the right hand side above makes sense.

By partial differentiation of (x) with respect to x2, we get

oF 0 0
o 8732(053@ + 87:752(6)
0 0 0
= GTM(O@) + a387:2(G) + 87372(5)
0 0
= GT@(O“"’HT@(@'

Comparing the right hand side above with that of the assumption 0F/dzy = asG, we have

op

— =G (age A).

8.132 4 ( 4 )
Clearly, a4 doesn’t have any term aztz}* or azi"z¥ where v + 1 is not a multiple of p, since
B € B'[xs] = K'[2], 25]. By the same way as above, by integrating with respect to 1, we can
show that

B=G5+H (€A, HeB). - (xx)
Note that H must be an element of B’, since § € B'[zs]. Actually,
0 0 0 0
7 H) = -2 g 2 ("
aIQ(G5+ ) Gam2(5)+58m2(0)+ax2( )
0
= Ga—%(é).

Then, we can prove (xx) if we find § € A’ such that 90/0xs = ay. We do have the ¢ by the
same argument as above, since oy doesn’t have a term ax*z} where v is not a multiple of p.
Putting o = a3 + §, we get

F=aG+H (ac€A, HeB.

4 Proof of Main Theorem

First, we prove that B has a p-basis over B’. Let ) be an arbitrary prime ideal and ¢ = QN B'.
As we mentioned in the proof of Lemma 3.3, both of By and Bj are regular local rings and By
is finitely generated as a B;-module. By Kunz’s conjecture[3], B has a p-basis over B (1). By
definition of p-basis, By, is a finitely generated free B/-module. By Lemma 3.1, the rank of B
as a Bj-module is unique regardless of the choice of Q). Thus, by Theorem 2.4, B is a finitely
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generated projective B’-module (2). By (1) and (2), B is a Galois extention of B’. Similarly,
A’ is a Galois extention of B. So A’ is a Galois extention of B’. Hence, by Theorem 2.3, we get

DerB/(A’) = A/ . GB/(B) D DerB(A').
Moreover, by Proposition 3.2, we have

DerB/(B) = Bd; where d; EDGI"B/(B),
Derg(A’) = A'dy where dy € Derp(A').

Let d; be the extention of d; (see 2.3(2)). For simplicity, d; is written as d;. Thus we have
DerB/(A’) = Aldl D A/dz (dl S DerB/(B), dy € DerB(A’)).

It follows that

0
— = udy + Pids for some ay, B3 € A,
81’1

0
—— = ady + Pady for some ap, 32 € A'.
al'g

Since dy € Derg(A’), if B 5 F, then

OF
— = adiF for some a; € A,
81‘1

F
or = ood F for some oy € A'.
afL'Q

We take F' € B\ B’ such that the degree of F' with respect to x; and x5 is the smallest one in
B\ B'. If d; doesn’t decrease the degree of F', by the equations above, both 9/9x; and 8/dx,
don’t also decrease the degree of F. Then, F' must be a constant. This is a contradiction.
Thus, we have di F' € B’ because of the choice of F'.

By Proposition 3.3, we have

F=adiF+H (a€A', He B).

Since B is integrally closed in ®(B), it follows that a € B. We shall show that d; F' € k' — {0}
in the following two steps.

Stepl. If d;F =0, then F = ad;F + H = H € B’, which contradicts F' ¢ B'.

Since « € B C A’ = B'[x1, 23], it follows that

a = Z O/Elezxilxgz (O/elez 6 B/)
0<ei,e2<p—1
Step2. Suppose that diF ¢ k'. Since F = ad;F + H where o € Aand H € B'), a — o) 18
an element of B, its degree is lower than that of F. Thus o — O‘Eoo) € B'. Then, « € B’. Since
gy € B', it follows that o € B'. Then F' = adi F + H € B’, which contradicts F' ¢ B'.

Accordingly, /
d,F € k' —{0}.
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If F € ®(B'), then F = f/g, where f,g € B' and d\F = d(f/g) = (gd1f — fd1g)/g*> = 0. This
contradicts d; F' € k' — 0. Thus F' ¢ ®(B’). Therefore,

[®(B')(F): ®(B")] > 1.
Since ®(B’)(F) is purely inseparable over ®(B’) and [®(B) : ®(B’)] = p, it follows that
®(B) = &(B)(F) = &(B)[F].

Hence, any = € B is written as

&= By FP T 4 B o FP 2 -+ BiF + By (B € D(B)).
Since i F' € k' C ®(B'), we get

i = di(Bpr FP7Y) 4+ di(Bp—aF? ) + -+ 4+ di (51 F) + da(Bo)
= Bpalp = V)FP 2 F + Byo(p — 2)FPdyF + - + S1dy F + 0
= By B PP+ By (B € D(B))

Repeating such operations, we get dj = 0. Since d;F is a unit of B’, we have

F
di|— ) =1.
l<le>

Applying Theorem 2.5, {F/d;F'} is a p-basis of B over Ker d;. On the other hand, since
Derp/(B) = Bd; and B is a Galois extention of B’, we get

Ker dy = Ker(Derg, (B)) = B/,

applying Theorem 2.2. Hence, {F/d,F} is a p-basis of B over B'.

Let C = k'?[y1, 0], D = kP[aY, 28] and E = K[y}, vy5]. Applying the same argument to the
inclusion sequence C' O D D FE, we can prove that D has a p-basis over E. Using the inverse
of Frobenius map, A’ has a p-basis over B. Noting that k has a p-basis over k' and &’ has a
p-basis over kP, we complete the proof of Main Theorem.
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