ALGEBRAIC STACKS OF POSITIVE CHARACTERISTICS

Kazuhisa MAEHARA

ABSTRACT. In this article, the author studies the vanishing of cohomologies of smooth va-
rieties over a field of positive characteristic. By using classifying algebraic stacks of gerbes
of liftings to rings of Witt vectors of length two and Deligne-Illusie’s theorem of degenera-
tion of Hodge spectral sequence, we have some Kodaira-Kollar type vanishing theorems and
Esnault-Viehweg type vanishing theorems.

1. INTRODUCTION

In characteristic 0, Kodaira-Nakano vanishing theorem is well-known. Kawamata found
the application of divisors with coefficients of rational integers. Kollar and Esnault-Viehweg
reduced vanishing theorems to Hodge theory. In characteristic p > 0, Deligne-Illusie([DI])
taught us that Frobenius maps work as well as Hodge theory. The hypothesis of Deligne-
[llusie’s theorems is that the ground field is liftable to rings of Witt vectors of length two.
In general it is not the case but liftable as gerbe. We apply the general theory of algebraic
stacks developed by Grothendieck, Giraud and Laumon ([Gir], [La2]).

2. PRELIMINARIES

Definition 2.1. Let X be a normal variety. Let f : X — S be a smooth morphism of
varieties and D a divisor on X. Assume D has only simple normal crossings. If for each
component C of D, the restriction f : C'— S is smooth, then D is said to have only f-simple
normal crossings.

We denote by Z(,) the localization by the maximal ideal (p). Let Div(X) be the divisor
group of X and Div(X) ® Z,) the divisor group with coefficients in Z,). We denote by [D]
the integral part of D € Div(X) ® Q, {D} = D — [D] and [D] = —[-D].

3. CHARACTERISTIC P > 0

Let X be a complete smooth variety of dimension d over a perfect field k of characteristic
p > 0. When X/Spec k is liftable to W,(k), Deligne-Illusie’s theory can be applied. In case
X/Spec k is not liftable to W(k), we use theory of stacks and reduce the degeneration of
Hodge spectral sequence to the following Theorem by Deligne-Illusie ([DI}).

Theorem 3.1. Let k be a perfect field of characteristic p > 0, S = Spec k, S, = Spec Wy (k)
and X a smooth scheme over S.

To each flat lifting X, of X over S,, there corresponds canonically an isomorphism of D(X,)

éx, : D Oy, s[—i] = T<pFull%/s

i<p
such that H'¢x, = C~! for i < p. Moreover assume X is proper over S.
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(1) Hodge spectral sequence
E = H*(X,Q%) « EI" = H*(X,0%)

degenerates at F; for a + b < p.
(2) if dimX < p, the Hodge spectral sequence degenerates at F;.

Now let k be a perfect field of characteristic p > 0, S = Spec k, S; = Spec Wy(k) and X
a proper smooth variety over k. Let R be the X-gerbe R(X,S;) of the liftings of X/S to
S, and B(R/X) the classifying X-champ which is algebraic of finite type with presentation
P — B(R/X). Let P' — P be a projective birational morphism and P’/S quasi-projective
by Chow’s lemma. Let P’ C P” be an open immersion and P”/S projective.

Let Z the integral closure of X in P”. Let Y be the maximal radical extentions of X in

Z. Let f : Y — X the structure morphism. Then there exists the least number r determined
uniquely by X such that R(X)?"~ N R(Z) = R(X)?"" N R(Z). Since P"]Y is separable, we
apply Theorem above to obtain the following Theorem.

Theorem 3.2. Let D € Div(X) ® Z,). Suppose the fractional part of D has the support in
the normal crossing and D is numerically equivalent to zero. Then for any component C of
the fractional part of f*D, the homomorphism for a +b > 2d — p

H(Y, Q5 ([{f*D}] — C)(C + [f*D))) — H"(Y, Q3 ([{fD})(C + [f*D)))
is'injective and its dual
H(Y, Q5 ([{f*DY1)(=C + [f*D))) — H*(Y,Q3([{f*D}] — C)((f* D))
is surjective for a + b < p. In particular,
H(Y,O0y(=C + [f*D))) — H*(Y, Oy ([f*D)))
is surjective for b < p.

Corollary 3.3. Let £ be an abundant invertible sheaf over X. Let B be a member of the
linear system |£®™| for a number m prime to p. The homomorphism

H*(X,wx ® L") — H*(X,wx(B)® L")
is injective for b > d — p. In particular, The homomorphism
H* Y (X, wx @ LP") —» H*'(X,wx(B)® L")
is injective.
Corollary 3.4. Let r = r(X) be a number determined in the argument of Theorem above.
Let £ be an ample invertible sheaf over X. For b > d — p,
HY(X,wx ® LP") = 0.

In particular

H*7 Y (X, wx ® LP") = 0.
We would like to generalize theorems([DI]) to divisors with coefficients in Z,) ([M3]).

Theorem 3.5 (cf. [DI]). Let k be an algebraically closed field of characteristic p > 0. Let
X be a smooth scheme over k. Let D be a Z,)-divisor on X which is linearly equivalent to
zero. Let A, B be divisors on X. Let S = Spec k and S = Spec Wj(k). Assume

(1) {D}reda + A + B has only normal crossings.



ALGEBRAIC STACKS OF POSITIVE CHARACTERISTICS 17
(2) there exist a flat morphism X — S and a divisor D, A, B such that the pull-back of
X —>SisX > Sand D+ A+ B is S-flat.

Then

F.Q% (A, B+ {D})([D]) = &0%.(A", B' + {D'})([D'])[~4]

F.Q%(A, B+ {D})([D]) = &%, (A, B'+ {D'})([D'])[~d]
Theorem 3.6 (cf. [DI]). Let k be a perfect field of characteristic p > 0, S = Spec k, S =
Spec W(k). Let X be a proper smooth scheme over k of pure dimension d. Let D be a Z(p)
divisor on X. Let A+ B be a divisor on X. Suppose {D}red+A+B has only normal crossings.
Assume there exist liftings X and D, A, B such that X — § is flat and {D},ea + A + B has

only normal crossings on X relative to S Then

(1) Let C be a component of {D} If D is numerically equivalent to zero, the next sequence
is exact for all a,b

H7Y(C,Q&(A, B+ {D}yea = O)([D))) —
H*(X,9% (A, B+ {D}rea)(=C + [D])) —
H*(X,Q%(A, B+ {D}rea — C)([D])) = 0
(2) If D is ample, the next cohomologies vanish for a + b > max(dx,2dx — p)
H*(X,0% (A, B+ {D},.a)([D])) = 0.

Corollary 3.7. Let k be an algebraically closed field of characteristic p > 0. Let X be a
projective smooth k-scheme of pure dimension d which is flatly liftable to Wy(k). Let D be
an ample Z,-divisor D on X. Assume A+ B + {D}ea has only simple normal crossings.
Then one has

(1) for a + b > max(d, 2d — p)
H*(X, 0% (A, B+ {D}a)([D])) = 0
(2) for a + b < min(d, p)
H*(X, 9% (B + {D}ea, A))(—[D])) =

Corollary 3.8. Let k be an algebraically closed field of characteristic p > 0. Let X be a
projective smooth k-scheme of pure dimension d which is flatly liftable to Wy (k). Let D be a
nef Z,)-divisor D on X. Assume A 4+ B 4 {D},.q has only simple normal crossings and [D]
is big. Then one has

(1) for b > max(0,d — p)
H*(X,wx (B + D)) =
(2) for a 4+ b < min(d, p)
H*(X,wx(B - [D])) = 0.
Proof. We can take arbitrarily small ¢ > 0 and 5 > 0 such that
D=A+¢e¢E—n{-D}

where A is ample. Hence there exists a certain ¢ > 0 such that A + ¢E is ample. Thus
D +n{D} is ample, the support of whose fractional part has only simple normal crossings.
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Corollary 3.9. Let k be a perfect field of characteristicp > 0, S = Spec k, S = Spec(W,(k)).
Let X,Y be a projective smooth schemes over k of pure dimension. Let f : X — Y be a
surjective morphism whose restriction is smooth over Y? with Y\ Y'? a normal crossing divisor.
Assume there exists a lifting X such that X — S is flat. Let L be an ample invertible sheaf
over Y. Then

(1) (fewx/v)®* @ L® is generically generated by global sections for arbitrary a and b >
dimY.
(2) If wxyy is f-semiample, f,.w%y is weakly positive for £ > 0.

Definition 3.1 (Arithmetic variety). An arithmetic variety X" is a projective flat regular
scheme X over Spec Z the base change to Spec C of whose generic fibre has a Kahler metric
compatible with complex conjugate action.

Theorem 3.10 ([M4]). Let X be a non singular variety and f : X — S a projective smooth
morphism of analytic varieties. Let D be a Q-divisor on X and D f-numerically equivalent
to zero. Let A, B be divisors on X. Let D decompose itself into D’ + D" without common
component. Assume {D},.q+ A+ B has only f-simple normal crossings. Then Hodge-Deligne
spectral sequence degenerates at Fy:

By = R £.9%/5(A+ {D'}rea, B+ {D"}ea)([D'] + [D"])) =
R 0% (A + {D' }reas B+ {D"}rea)([D] + [D"])).

4. NON FUJIKI MANIFOLDS

In this section, we obey the notation in ([Dm], [Dr], [Gr], [M5]). Owing to Hodge theory,
most vanishing theorems are obtained in the category of Fujiki manifolds, i.e., those bimero-
morphically equivalent to Kihler manifolds. Even outside the category of Fujiki, we have the
following;:

6 = 6o+ [Ao, [60, 7]
A= [Da(S] = [Daéo] + [D’AOa [50a7”
We proved the following theorem in ([M5]).

Theorem 4.1 (Commutativity). Let X be a compact Hermitian manifold and E a Her-
mitian line bundle over X. We denote by ¢(FE) the curvature of E. Ay commutes with
ie(E), e,

[Ao,ic(E)] = 0.

The motivation of this note is to reconstruct the proof of Kollar and Esnault-Viehweg
theory([Ko], [EV]) by Harmonic theory using

He b(X E) Ha+1 b+1 (X E) — Da+1’b+1(X, E)
H*(C,E) «Z— Db (C, E)

We give an example which explains the whole idea.
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Theorem 4.2. Let X be a compact Kihler manifold and E a Hermitian line bundle over X.
Assume the first Chern class ¢;(E*) > 0 everywhere. Let C be a non singular hypersurface
such that there exists a k > 0

(B")%* = 0x(C).
Then
H**(X,E) — H**(C, E¢) for all a, b
u — ule
vanishes.
Proposition 4.3 (Demailly formula).
A"+ [Aie(E) = A" + T,
where

T,=[D'+ 7,8+ 7+ D" [AD)) - [r,6 + 7] =

(A, [A, %d’d"w]] — [d'w, (d'w)"]
A=A+ A"
Ar=[D4+78+7],AL =D +71,8 +17]
Theorem 4.4. Let X be a compact Hermitian manifold and E a Hermitian line bundle over

X.
Ao = 2A" + (A, ic(E)]

Let C' be a non singular hypersurface such that there exists a k > 0,k € R
C](E*) = /i?Cl(Cy).

a(E)<0
Then
H**(X,E) — H**C, E¢) for all a, b
u— ulc
vanishes.
Proof.

[Lo, Do = [Lo, [D, &) = [D, [0, Lo) + [60, [Lo, D]] = 0
4[A", 68 = [D — iD°, 8o + i65) =
[D, &) + [D°, 65 +4[D, 65 — i[D°, &) =
2D, &) — 2i[A, D]
[D, 8] = =[D,65] = 2[A, D*],  [D*,8] = [D*, &) = ~[D, 6]

oY (X, E) 2 genibii(x By o, peisn (x| )

J |

He(C,E) D*(C, E)
Since ic(E) is hermitian with respect to Hermitian metric of X, the eigen values of ic(F) are
real at any point z on X. We denote by a(z), az(z), as(x),- - -, an(z) these eigen values at



20 ACADEMIC REPORTS Fac. Eng. Tokyo Inst. Polytech. Vol. 19 No. 1 (1996)

z. The local coordinates (21, 2o, - -, z,) With center at = are taken so that (52—1, 3‘972,- ‘e %)

form an orthonormal system in the stalk T, X of the vector bundle. We have
ic(z) == > aj(z)dz A dz;
1<5<n
For v € H*(X,0%(E)),

v = Z ’UA,B€®dZA/\de
|Al=a,|B|=b

[A, ZC(E)]U = Z (aN — 4 — OtB)UA,Be Qdza NdzZp

AB

[ZC(E), [A,ZC(E)”’U = Z 20??)/1,36 ® dZ]‘ N d?j ANdza Ndzp

Since
[A",ic(E)] + [[A, te(E)), tc(E)] = 0,
we have
([A",ic(E)]v,ic(E)v) + ([[A,ic(E)), ic( E)v,ic(E)v) = 0.
Here

([A,ic(E)], ic(E)v,ic(E)v) = Y 203 (va,pe®dz;AdZjAdz4a AdZp, va,5e@dz;AdZjAdz 4 NdZ)
JEN
and
([A",ic(E)]v,tc(E)v) > 0.
It implies that
Cl(E)U = 0.

Example 1. Let H be a classical Hopf surface.
1
H=C*/(3)

This Hopf surface H has an elliptic fibration over P;. Let E;, E; be the two elliptic curves on
H over 0,00 € Py, respectively. The restriction map

H'(H,Q'(=E)) —» H'(E, Q(~E;))
vanishes. They form the exact sequence:
HY(H,Q(—E;)) — H'(Ey, Q(—E;)) — H*(H,Q'(E;)(—2E;))
H" (H)=0,H""(E;) = C,Pic(H) 2 C
HY(H) = C,H"*(H) = H**(H) = H** =0
H'(H,O(-E)) = H'(E1,O(=E))
vanishes. They form the exact sequence:

HY\(H,O(~E;)) - HY(Ey,O(—E)) — H(H,O(—2E;)).
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Theorem 4.5. Let X be a compact Hermitian manifold and F a Hermitian line bundle over
X.

A, + T, =2A" + [A,i¢(E)]
For any section u € H*(X,Q%(E)) such that /
(Tou,u) >0,

then one has
HY(X,0%(E)) —— HYX,Q%7(E))
HY(X,Q%(C)(E)) —— HY(X,Q%(C)(E))

HY (X, Q5H(C)(E)) ™S HY(C, Q%4 (E|¢))

The composition map

H* (X, Q%(E)) — H'(C,Q¢(Ele))

associates to u zero.
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