ALGEBRAIC CHAMPS AND KUMMER COVERINGS

Kazuhisa MAEHARA

ABSTRACT. In this article, the author studies the conditions such that special stacks are
algebraic and proves that Kummer coverings form algebraic stacks([La2]). The notion of
K.Kato’s logarithmic spaces([Ka]) is enlarged to work in the category of algebraic stacks.
By virtue of these notions, he constructs an endomorphism assumed in Kahler analogue of
certain conjectures of Weil([Ser]) by Serre.

1. INTRODUCTION

A French word “champs”([La2]) means stacks in English but we prefer champs to stacks
because champs have original flavour. Kummer coverings are often recognized to play a
role in algebraic geometry as curvature does so in differential geometry. Kummer coverings
are however not well defined globally even though they are able to be defined well locally.
Grothendieck and Murre showed that Kummer coverings form gerbes ([Gir]), ((GM]) and we
show that they are algebraic in this article. Intuitively, champs can be reduced to many
gerbes([Gir]) by “Stein factorization.” The notion of algebraic champs has not yet widely
known so we refer to Laumon’s work ([La2]). Varieties with logarithmic connections and
Kummer coverings seem to be curvature and tensor calculations. K.Kato and others ([Ka])
generalize varieties with logarithmic connections widely into varieties with logarithmic struc-
ture or Kato’s logarithmic spaces. As one of main theorem in mixed Hodge theory, we state
the degeneration of Hodge spectral sequence of Kato’s logarithmic spaces disguised into alge-
braic champs. Hodge theory is not purely algebraically constructed in the category of complex
algebraic geometry. We want to make it purely algebraic even in characteristic zero. Toward
algebraic proof, upon algebraic champs we construct endomorphisms which Serre assumed in
the paper treating Kahler analogue of certain conjectures of Weil ([Ser]).

2. ALGEBRAIC CHAMPS

Let S be a base scheme. We denote by (Aff)/S the category of affine schemes with a
morphism of schemes over S. We endow (Aff/S) with the fppf topology.

Definition 2.1 ([Gir], [La2]). The 2-category of S-groupoids
Let X be a category and a a functor from X to (Aff/S). The functor a : X — (Aff/S) is
said to be an S-groupoid if the following holds:

(1) for any morphism ¢ : V — U and any object x € obX with a(z) = U, there exist an
object y and a morphism f :y — 2 in X;

(2) for any missing triangle f : y — z,h : 2 — z in X and for any morphism v with
a(f) oy = a(h) in (Aff/S), there exists a unique morphism ¢ : z — y in X such that
h = f og and that a(g) = .
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Definition 2.2 ([La2], [Gir](for the groupoid to be a champ)). An S-groupoid & : X —
(Aff/S) is said to be an S-prechamp if for any U € ob(Aff/S) and z,y € obX
Isom(z,y) : (Aff/S) — (Set)
(V - U) = Hova(‘rvvyV)
becomes a sheaf. An S-prechamp is called an S-champ if for any covering family
(Vi 25 U) € (Af/S)
every descent datum (z;, f;;) is effective. That is, given descent data (z, f;) such that
i+ (@il Vi) = (25|Vii)
with cocycle conditions
(feilVigi) = (fi; 1 Viji) o (il Viji)
where
Vii=VixuVi, Vii=VixuVyxuV;

there exist z € obAy and isomorphisms

firz|Vi~a;
in Xy, such that
(f51Vie) = fii o (fil Vi)
We refer to the definition of champs for fibered categories([Gir],[La2}).

Definition 2.3 (Descent([Git])). Let £ be a category and F an E-fibered category. Let
Ue€ob &, Racrible of £/U. R is said to be a crible of F-i-descent if the restriction functor

Cartg(EJU, F) — Carte(R, F)
is i-faithful for ¢ = 0, 1,2 which means ”faithful, fully faithful, an equivalence”, respectively.

Definition 2.4 (£-(pre)Champs). An E-fibered category F is said to be an £-champ(resp.
E-prechamp) if for any object U € ob(€) and any raffinement of U, the restriction functor

Cartg(EJU, F) — Carte(R, F)
is an equivalence(resp. fully faithful).

Theorem 2.1 ([Gir]). Given any &-prechamp F there exists the canonically associated &-
champ F* with ¢ : F* — F such that for any £-champ G the following holds;

Homg(F*,G) — Home(F,G)

Definition 2.5 ([La2]). An S-champ X is said to be representable ([La2]) if there exist
an algebraic space X over S and a l-isomorphism X 2z & of S-champs. A 1-morphism
of S-champs F' : X — Y is said to be representable if for any U € ob(Aff/S) and any
y € obYy(t.e.,y: U — Y, the fibre product

U nyy’p X

is representable.
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3. THE 2-CATEGORY OF ALGEBRAIC S-CHAMPS

Definition 3.1 ([Gir]). A (quasi-separated) algebraic S-champ is an S-champ X satisfying
the following
(1) the diagonal 1-morphism of S-champs

XHXXS/\)

is representable, separated and quasi-compact
(2) there exists an algebraic space X over S and a 1-morphism

P:X-X
which is representable, surjective and smooth.

Definition 3.2 ([La2]). An algebraic S-space X is said to have the property P if for a
presentation X F, X, the algebraic S-space X has the property P.

Theorem 3.1 (Artin’s criterion). In the situation above in place of (2) if there exists an
algebraic space Y over S and a 1-morphism of S-champs

Q:Y - X

which is representable, faithfully flat and locally of finite presentation, then X is an algebraic
champ over S.

4. QUASI—COHERENT SHEAVES OVER AN ALGEBRAIC S-CHAMP

Definition 4.1 (Definition-Proposition). Let X’ be an algebraic S-champ. We call it a big
smooth site and denote it by Lis/X the site defined as follows. The objects of the category of
Lis/X are the smooth 1-morphisms u : 4/ — X denoted by (/,u) and a morphism of (U,u)
into (V,v) in X is a pair (¢,a) consisting of a smooth 1-morphism of algebraic S-champs
6 : U — V and a 2-isomorphism a : u +— v o ¢. The topology over X is generated by
the covering family Cov(U,u) = {(¢:, ) + (Ui,ui) — (U,w))} such that the 1-morphism of
algebraic S-champs U¢; : U; — U. We denote by Ay, the full subcategory of Lis/X whose
objects are {(U,u)} where U € ob(Aff/S). Then the functor of inclusion Xy, — Lis/X
induces the equivalence of their topoi.

One has the structure sheaf of rings Oy over AX);,; defined by
I'((U,u),0x) =T'(U,Ov)
for every (U,u) € obXy, and denote by Mod(Oy,,) the abelian category of Ox,,-Modules
and by D(Oy,,) its derived category.

5. LOCAL CONSTRUCTION
Consider the fibered category over (Aff/5)
Ch

defined as follows. For every U € ob(Aff/S), Chy is the category of U-champs. For each
morphism ¢ : V — U in (Aff/S), the functor ¢~ is the functor V x4 u (—).
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Definition 5.1 ([La2]). A local construction over S-champ X is a cartesian functor
Y:X o Ch
Precisely, a local construction Y over & is given by a functor

Yy Xu — Chy
and for every morphism ¢ : V — U in (Aff/S) by an isomorphism of functors €4

Xy 25 xy 24 chy
onto
Xy 2 Chy, e g,
such that for each morphism ¢ : W — V in (Aff/S9)
cgop = (W xy v €s) 0 9p(¢7).
We can associate to every local construction ) over X' the S-fibered category over X’
F:Y—-X.

For every U € ob(Aff/S), the fibered category Yy is made of the pairs (z,y) where z € 0bAy
and y € Cart(amu((Aff)/U, Y,;(z)). For every morphism 6 : V — U in (Aff/S) and every
(z,y) € obYy, ¢*(z,y) = (¢*z,y’) where y’ is the cartesian section of Yy (¢*z) over V induced
by y through the isomorphism

e(z): Yy(o7z) ==V x40 Yy ().
F 1s defined by F'(z,y) =  for every (z,y) € ob)yy and every U € ob(Aff/S).
Proposition 5.1. The S-fibered category ) above is an S-champ.

Let & — S be an algebraic S-champ and A a champ of coherent Ox-Algebras. A repre-
sentation 4 of X' is given by

AU(.I') = C&I'tUl,-s(Ulis,l’*-A)
where z € obAy, U € (Aff/S).

Definition 5.2.
Yu(z) = Spec(Ay(z))

Proposition 5.2 ([La2],[Gir]). Let X be an S-champ. The following conditions are equiva-
lent:

(1) the I-morphism of S-champs
X 25 X xg X

is representable

(2) for every U € ob(Aff/S) and all 2,y € 0bXy, the sheaf isom(z,y) over (Aff/S) is
representable by an algebraic U-space;

(3) for every U € ob(Aff/S) and every z € 0bXy, the I-morphism of S-champs U <5 X
is representable;

(4) for every algebraic U-space, every 1-morphism of S-champs P : X — X is repre-
sentable.
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Definition 5.3. An S-champ X is said to be representable if there exists an algebraic S-space
X and a l-isomorphism X = & of S-champs.

A 1-morphism of S-champs X —— J is said to be representable if for every U € ob(Aff/S),
and every y € ob)y, considered as 1-morphism of S-champs from U into Y, the fibre product
U x4,y F X is representable.

Precisely saying, an algebraic S-champ X' is representable if for every U € 0b(Aff/S), the
category &y is equivalent to a discrete category Xy and if the functor
(Aff/S) — (set)
U~ ObXU
is represented by an algebraic S-space X.
A I-morphism of S-champs X £, Y is representable if and only if for every morphism

V-2 Uin (Aff/S) and every y € ob)y, the category X, v the objects of which are the pairs
(z,g9) with z € Xy and g € Homy, (F(z), #*y) and the morphisms of which are the pairs from
(z1,91) to (x2,g2) are the morphisms

€ —h’ T2
in Xy such that g; = g, 0 F/(h) is equivalent to a discrete category Z4 and if the functor
(Aff/S) — (Set)
(V -5 U) — 0bZ,

is representable by an algebraic U-space Z.

Definition 5.4 ([La2]). A local construction ) over X is said to be algebraic (resp. algebraic
and having a property P) if for every U € 0b(Aff/S) and every = € obXy, the U-champ Yy ()

is algebraic (resp. algebraic and the structure morphism Y, (z) L, U has the property P).

Proposition 5.3. If a local construction Y over X which is algebraic (resp. algebraic and has

the property P) over X', the 1-morphism of S-champs ) Ioxis algebraic (resp. algebraic
and has the property P).

Definition 5.5 ([Gir],[La2]). Let X be an algebraic S-space. The S-groupoid Cohy/s is
defined as follows:

for every U € ob(Aff/S) the objects of the category of fibre over U the coherent Ox -
Modules which are Opy-flat and the morphisms are isomorphisms of Ox xsu-Modules. We
denote by F1b% 5 an open fullsubchamps of Cohy;s whose objects of Fib s y consisting of
Ox x ;u-Modules which are locally free of rank n.

Theorem 5.4 ([La2]). Let S be notherian and f : X — S a projective scheme over S.
Suppose for any base change S’ — S, fs(Ox_) = Os. Then Cohy/s is an algebraic S-
champ locally of finite type and Fib 5 is an algebraic S-champ of finite type.

Hence we obtain the following theorem.

Theorem 5.5. Let S be notherian normal and f : X — S a geometrically connected pro-
jective smooth scheme over S. Let (D;)ies be a set of regular divisors with normal crossings
only. An X-groupoid Y is defined as follows:

for every U € ob(Aff)/X the objects of Yy are Ou((T:)ie1]/((TT" — a;)ier) for all sections a;
of Oy with div(a;) = D,y and the morphisms are isomorphisms of Oy-Modules. Then Y is
an open fullsubcategory of F'20" X'/ X for some n and Y is an algebraic X-champ.
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6. LOGARITHMIC STRUCTURES AND APPLICATIONS

In differential geometric point of view, to obtain Kodaira’s vanishing theorem, it is in-
evitable to generalize de Rahm cohomology to Kodaira-Dolbeault cohomology with values
in vector bundles with Hermitian metrics: from flat structures to structures with curvature.
In algebraic point of view, it is the theory of fractional logarithmic structures on algebraic
champs which is a variation of logarithmic structures on schemes found by Fontaine-Illusie
and Kato([Ka]).

Let X and Y be algebraic champs over S. The pre-logarithmic structures on X’ and Y are
sheaves of monoids M and N on the smooth sites X};; and Y;;; endowed with homomorphisms
a: M — Oy and f: N — Oy, respectively. One denotes the logarithmic differential sheaf
by

QZX,M)/()J,N) = (Q}\'/y b OX Xz Mgr)/ ~
where ~ is defined by the Oy-submodule generated locally by local sections in the following
form:

(1) (da(a),0) — (0,a(a) ® a) with a € M

(2) (0,1 ® a) with a € Im(f~*(N) — M).

Theorem 6.1 (Kato’s criterion([Ka])). Let f : (X, M) — (Y, N) be a morphism of schemes
with fine logarithmic structures. Assume we are given a chart )y — N of N. Then the fol-
lowing two conditions are equivalent.
(1) f is smooth(resp. etale).
(2) Etale locally on X, there exists a chart (Px — M, Qy — N, ) — P) of f extending
the given Qy — N satisfying the following two conditions;
(i) Ker(Q% — P9) and the torsion part of the cokernel Coker(Q% — P9%),
(resp. Coker(Q% — P97)) are finite groups of orders invertible on X.
(i) the induced morphism X — Y Xgpeqz(q)) Spec(Z[P]) is etale in the sense of
schemes.

Let D =5; r; D; (r; € Q) be the irreducible decomposition and let [D] denote 3>, [ri] D;.

Theorem 6.2 (Deligne-Illusie([DI], [I], [Ka])). Let p be a primenumber and f : (X', Mp) —
(¥, N) a smooth morphism of algebraic champs with fine logarithmic structures over S =
Spec(F,). Let f': (X', M') — (Y, N) be the base change of f by the absolute Frobenius
map F(y’ N) — F(y’ N)» let
X, M) -5 (x, M)
be the factorization of Fix, p) with f = f" o F and let
(/Y, A/[) _!J) (‘X”, A/IH) ___}_l_> (XI’ M/)int
be the factorization of ‘
Fmt : (/Y, ]\4) i) (XI, Ml)z'nt

where ”weakly radical” = "etale”o "radical(i.e., exact)” with logarithmic structures. Let L
be a fractional pre-logarithmic structure such that

(1) Locally on X, let P be a chart of M.
(2) Since P is a finitely generated monoid, there exists a surjection

DietN — P
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(3) Given a set of positive integers (n;);es, there exists a push out R such that

@ieIN — P

@ieln%N — R

(4) Locally on A}, there exist sections (a;);er of O such that

BN - P — Oy
(ki) — [TaF

(5) Let Z = Spec Ox[(Ti)iel]/(Tim — ai)ia and L = RO%

Let m : Z — & be the structure morphism of algebraic champs. Let Ry be the monoid
defined by the fibre product

TR —— 7.0z

[

Ry —— O
and Lo = Ro@}

Assume that the following divisor D is given to be numerically equivalent to zero;
D=Y Zdiv(a)=0 (for v € Z).
el T
(1) Assume f is smooth. Consider the composite
st (X, M) =5 (X, M) (X, MY — (X, M),
Then one has the canonical isomorphism of O y»-modules
ct: e,y D) = B (Qx, 10)/v, my([D]))
for any a € Z defined by
CHa- MNi<i<adlog(s™m;)) = g™ (@) Ai<i<a dlog(m;)

(a € O,’t’”, m; € ]\4)
(2) Assume that f is smooth and integral and that there exists an algebraic champ (Y, N)
with a fine log. str. such that ) is flat over Spec(Z/p?Z) and an isomorphism

(Y, N) = (37, N) X Spec(z/p2z) SPec(Fp)

where Spec(Z/p*Z) and Spec(F,) are endowed with trivial log. str.’s.
Then there exists the canonical biunivoque between the set of isomorphism classes of
the smooth lifting of (X, L) over (¥, N) and the set of the splitting of TaF %, 10y m([D))

in the derived category of Ox»-modules. If a smooth lifting of (X, Lo) over (), N),
there exists an isomorphism

T<pF*QE‘X, Lo}/ (¥, N)([D]) = @O§a<pQ((IX”, Lg)/ (Y, N)([D”])[_a]
in the derived category of Oy»-modules.
(3) Assume the following three conditions
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(i) f is smooth and of Cartier type.
(ii) the underlying morphism of algebraic champs X — ) is proper.
(iii) Suppose locally on Vs, there exist (Y, N) and a smooth lifting of (X, M') over
(¥, N).

Then, the Hodge spectral sequence
Bt = R .0, Loy, m((D]) = R f.Q0, Loy, m (D))

degenerates at By’ for a +b < p.
The Oy-quules Rbf,.Q?X, Loy, m[D]) for a +b < p are locally free and
commute with any base change.

7. PURITY

The notion of algebraic champs enables us to satisfy the assumption of Serre’s Theorems
of Kahler analogue of certain conjectures of Weil.

Theorem 7.1 ( cf.[Ser]). Let S be Spec (C). Let Z be a projective irreducible reduced
non singular algebraic champ over S and f : Z — Z a morphism of algebraic champs.
Suppose that there exists an integer ¢ > 0 and a hyperplane section H of Z such that
f~Y(H) is algebraically equivalent to ¢H. Then the absolute value of the eigen value of the
endomorphism f* : HZ panm(Z) — H ranm(Z) induced by f is just ¢ for every integer
n > 0.

Theorem 7.2. Let S be Spec (C). Let X' be a projective irreducible reduced non singular
algebraic champ over S and L an ample invertible sheaf over X'. Suppose L™ has a section
s such that £ = div (s) is non singular, where m is an arbitrary positive integer.. Let
7 : Z — X be an algebraic champ Spec (Ox[T]/(T™ — s)) for simplicity. Then for ¢ > 0 one
has a morphism f such that f*(x*L) = =~L®9.

(1) if m > 1, one has the endomorphism f;; of H™(X,Q%(F) @ L™1).

(2) if m = 1, one has the endomorphism f; of H*(X',Q%).
The absolute values of the endomorphisms f above are all ¢
Oy and Q3 (E) @ L™ are pure of weight 0.

n
2

. Hence the perverse sheaves
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