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Ray Optics and Quaternion
Shuichi Kawabata *!

Quaternion was invented by William Rowan Hamilton in 1843. Quaternion is a number
similar to vector. Although the quaternion algebra is very useful in Ray optics, it is not
familiar to us. Quaternion and its algebra are introduced in the paper. And some applications
of the quaternion algebra to the field of ray optics are shown.

1. 1ZC®IZ (Introduction)

PU5t%% (Quaternion) (% 1843 410 H 16 H. Ireland ® William Rowan Hamilton (Z X > TER I
7= “¥% (number) ” T % , FEX (real number) [FEHR _E (line) D 5% & L T i, #3521 (complex number)

3P if | (plane) DR E LTERT Z &N TE D, —F, MWnEUIZER O (a point in space) KT 2
EINTE D,
Real number & Line

Complex number & Plane
Quaternion & Space

Z TR, W FEAR & Z DR Ek (algebra) (ZOWTERIT 5, £ LT, XL (Ray Optics)
~DJHH (application) (ZOWTHET 5,
(After mid 1880’s, Gibbs, Heaviside and Helmholtz had developed Vector analysis apart from quaternion.)

2. Mt & iX (Whatis a quaternion?)
Poes p IZLLF O X 5 I12EF (definition) S D,

P=po+pii+p,-j+pk, oo it=jt=ki=i-j-k=-1 D)
chukERE L P j=k, jok=i, k-i=jThb, TLTHEKp
pP=po+pi+p, j+py-k=p,+P, — (1%

LHRFILHTED, ZIT. p,ldscaler, P i vector (22 Tl imaginary X 59 !) Tho,
£z, Wock p (220 T,

P*=py=pii=p,-j-ps-k=p,—PB%p O} (conjugate). - (2
[pl=p p*=\p, +p’+p +p) £ p ORES (norm), - (3)
p=p*|p| % p OHEK Gnverse) Vi, pPP=p- E’:/”_pll_ =1Thd,  — (4)

2-1. Wt DFE (Hamilton product)

WAz, Mot dOFE (Hamilton product) (ZOWTHBT 5, 22Tl 2@ LERTZ LI2T 5,
POGg=(py+p -i+p,-j+ps-k)®(qy+q,-i+q, j+q;-k)=(p,+P)®(q,+0,)
={po 90+ 9, - I3 + Dy - Q +1’3 ®Q
%_]::C___(_l_)___(_l_*_)_jﬁ_c]s _@__IZ_EI_JW_:%I@*E;E HHE ONE (@) EAME(X) DERFLEFE > TET &

|P ®Q —(P OQ )+(P ><Q) 0
’C%éo 1> 7T, Wt p,q © Hamilton product |
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P®q=[p,-q,—(P,e0,)+q, P, +p, 0, +Px0,] — (5)
L%,
ZIT pu=90.=02% 5 (pure imaginary) . PUITEL p, g © Hamilton product |
p®g=—(P,*0,)+P xQ, — (5%
T D,

2-2. MK D L4751 (Hamilton product and matrix)
WoeElLE 2, ITHEZHWTUTO X ) IZRT Z ERHRS,

p

e

&

Dy q,
=potp.i+p,jHp.k=p+DB,=p+| P, | a=q,+4,-i+q, j+q. k=q,+4,=q,+|q,
)2 q.
> T,
p®q:[p0‘qo_(ﬁv.qv)]—}_p().av+qo.ﬁv+(ﬁvX6v):
q, q, p) |T T Kk
pO.qO_(px py pz) Qy +p0 qy +QO’ py +px py pz o (6)
q. q. r.) |9. 4, 4.
Po =4, =0 OBEIE,
ik
P.®4,=~(p,*4)+(5,xq)=—\p. 0. +p, ¢, +p.-0.}*|p. b, P. e
q9. 4, 9.
FT D ERHEKD, FLT, X7 ML A EER O Y2 Q7 ITEEG S AER T AL,

h=COS%+ﬁ'Sin%, 7| =1 i LRIN, BEEREDONZ RV r’ i,

h@f@ﬁ:(cos9+ﬁ-sin9)®7®(cos9—ﬁ.sm9)
_— 2 2 2 2
=(cos9+ﬁ-sin%)®[cos%-F—[—(F-ﬁ)+(i7><ﬁ)]-sin%]

Q Q Q
P2 F +[(F eni)— (F x1i)]-sin—-cos—
5 [(r en)—(Fxn)] 5 5

=cos
e . Q Q PN ¢)
+(n®r)-sm;-cosz+[(ron)-n—n®(r><n)]-sm25

, Q
=cos” —
2

~F+[(F0ﬁ)—(Fxﬁ)]-sin%-cos%+[—(7ozﬁ)—(?xﬁ)]-sin%'cos%
+(FOﬁ)~ﬁ-sin2%—[—ﬁO(FXﬁ)+ﬁ><(;7><ﬁ)]-sin2%

Q. L . o L, 0
=coszz~r—(rxn)~s1nQ+(ron)-n-smzz—[(non)-r—(r-n)~n]-sm25

IS O ey
=2~(r0n)-s1n25~n+cosQ~r—(r><n)~st

n, n, r, i j ok
—_— 2 . —_— 1 .
=2 (rx r, rz) n, |-sin n, |+cosQ-|r, |=sinQ-\r, 1, 7,

nz nz rZ nx n)’ nZ VC\‘ &) ZD o (Flg 1 ZEHB\)
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3. Wt D)EA (Applications of the quaternion)

WeHa WD & X7 M OEREERSIATI Z LR TE D,
Fig. IR L 910, ~27 hAF 2l (i =1) oEYIZQ7EY
RS E/ L EDORT MLEF 356 L,

;7'=(cos%+ﬁ-sin%)®F®(cos%—ﬁ~sin9) — (7)
LRTEMTED, £ T,

S=si+s, j+s3-k, h=cos@+k-sind (Jh]=1)
LBV, N7 WS Elitk OF 01220 EHEES T L X0,
EE% DT FAS Bk L
§'=(cost9+l€-sin9)®§®(cosﬁ—1€-sin9)=2sin20~(§01€)-l€+c0s26’-§+sin29~(/€x§)

Fig.1 The rotation of the vector

0 s1 ik cos20-s, —sin20-s,
=2sin’@-| 0 |+cos26-|s2 |+sin26-/0 0 1|=|sin26-s, +cos20-s,
S5 s3 s, s, 85 ((2sin”@+cos20)-s,

cos260 —sin26 0) (s,
sin20 cos20 0|-|s,
0 0 1) s,

1l

L7, THIERZ RS Bk OV IZ 20 72T EE S B L& OTFIORITHMR B

3-1. R DEEH] (The low of reflection)
FUHZB T ADIE S RS S, & gt o (Jii] = 1) o 0 12 180° A (Q=7) &4,

AT X A& o2k “—” (minus) Z20HiERE 2 (Fig. 2).
EoT, (7) X&v,

'S, =) ® S, ® (i) (8

ELTRDDHZENTE D,

Thbb,
7= (O 0 1)’ S’i — (sin ¢ 0 —cos ¢) Fig 2 The law of reflection
0 sin ¢ sin ¢
S =-2-(iieS))-ii+S,=2cosg-| 0|+| O |=] 0
1 —Ccos¢ cos¢

ThD, THUIRHOEZ =4 Rfhie 5720 !
FIATHE AT OERIZ KT &

S, =(s, s, s), h=c0s§+ﬁ~sin%=ﬁz(n, n, n), HEIH=||ﬁ||=1
S =[i®S ®ii]=[-(7ieS)+(iixS)|®n=—(iieS,) ii+[—(7ixS,)eii+(iixS,)xii]
=—(ii®S,)-n—[(ii®S,)-ii—(fiwii)-S,]=—2-(ii®5,) /i +5,

n, Sy
=-2-(ns, +n,8, +ny8;)-| 0, |+| 8,

— (9)
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3-2. HARDOEHFIXE (Successive reflections of the light)
I, RO TN 240 BT 564525, (Fig. 3)
ZIT, kFHOHER TOEREZ D, L L,
AT 2 HMRDF(EART "V S, & 5D,
Z LT, BAIDOBEIZAHT 2D FHA~T hv
S, k95,

BICART 25805 (8) Rickv,
FDORFDFAART MVRFHETE 5D T,
ENERDANFHMDFH T T8 L
S BIZEDREEDTNLARY FVDBKRE D,

ZOFNAZ D BT, RS0 T AL
N7 MVIRKRED,

ZOFIEEE EDIZONUTOXTH S,

r . . . = .
hk:cos3+nk-s1n5=nk, cosg, =(=S,_)en,

' ‘
Plane of incidenc\

Fig 3 Successive reflections of the light

S,

:>§ = (_l)k[(ﬁk ’ﬁk—l "'ﬁ1)'§0 '(ﬁk 'ﬁk—l ﬁl)*] Ei(_l)k ‘[Hk 'go 'Hk*]
B (10) £V ERORKE DTN v ERD D Z E KD !
I BT, AR O G~ bV LB OERN D, RO ANHEIZB T D p- i b RED

_[ﬁl '*§0 'ﬁl*] = A§2 = _[ﬁz '(_ﬁl -§0 'ﬁl*)'ﬁz*] :[(ﬁz 'ﬁ1)'§o '(ﬁz ﬁ1)*]
k :

— (10)

4. PEHOER (Divergent light beam) - R
EP. R y THT 2 IR S, I TEET 5, [Nwﬁwa\ n

Pl

NUJl

o

Fig 41080 T, FEIEAD S LIO ik T 255 &, \\\\\\K??'
FERT bV S, D% Z OENDIE] ) 1T o 721 [Bl#E S B 7 6RO S, ! /&,

FhrRs b S E, MIEkE AR L 0
_ irs . - w - . 0
S5,=cosy-i +siny-k, h=cos3+z-sm3

§i =h-s, h= (cos%+f~sin§)(cosyf+siny~l€)(cos%—f~sin%)

= (—cosy-sin2+cosy-cosﬂf—sin%sinﬂ] +siny~cosﬂlg)(cosﬂ—z7~sin2)
2 2 2 2 2 2

=(—cosy sinZcos? + cosy -cos’ @5 —sin;/~sin2cosﬂj +siny -cos’ QE)
2 2 2 2 2 2

+(cos sin2cos 2+ cosy-sin? 27 —siny -sin 2 cos L j —sin -sinzﬂlg)

4 2 2 4 2 4 2 2 / 4 2

jrmEEmmEEEmm—m————————— omEmEmEmEmmmm————TTT
=cosy-i —siny-sin@- j+siny-cosw-k | — (11)

LLTRDDZEMREKRD, ZLT, ok 0~2x ORI CELSEIERH S, 1ZM <,

BeEo T, (11) RUIFALT Tkt L TR y D fr g R L TR 2 SR 2 & LT 5,
Z LT, ZOMECHRMNERITALA OFEIZAIT L L&, ZOAHAGIT,

ji =—cos¢, i +sing, k= surface normal

E cos¢:(—§i)0ﬁ = 0S¢, -cosy —sing, -sin)/-cosa)i

LLTRDDZENHED, T2 T bl &, EAARTDEOWERA & AT ATH D

Fig 4 The divergent light beam
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4-1. ZAHAMK (Equi-angle of incidence curves)

PRI, EBOCR P AST T 2 mE BT, AAN—EL LD
B DEE 2 KD 5, (Fig. 5)

FT, WHOCHRICEE RV H (x—y) 252 5&,
ZDOXx— Y FERNTONFITHE E /2D,

RIT, EOIBOLRD, A Fm (X =Y) ETOHMNS
PEEOCHRNTOR R TOARNAZRD D ZENTE D,

cosg = (—S.)®ii = cosg, -cosy —sing, -siny -cos®

x=X =tany -sinw, y=Y/cosg, =tany-cosw
1 . tan y
Cos¢@ = cos ¢, - ————=—sing, - ————=-cosw
J1+tan® y J1+tan®y
LLEXY Fig 5 The divergent light beam

J1+tan® y -cos¢ =cosd, —sing, - y
(1+x* +y*)-cos’ ¢ = cos’ ¢, —sin 2¢, - y +sin’ @, - y*
cos’ ¢-x” +(cos’ ¢ —sin’ @) y* +sin 24, - y = cos’ ¢, — cos’ ¢

2
J +2sing, - Y =cos’ ¢, — cos” ¢

KB L TIRICERTT D &

(%) + (%) =C (Pp=const.)

R0 EARA IR RIIIREE S AR D,

IZBEWT, LORESNIZUL FOLMICBT 2EARFAMROXIZONTEZ D,
UL, JEHOLRRO ASHA DR Z O DEIERRO AFHA EE L R bGE (1) &,
EHIZ, FOAHAN A OBE ((2)) Thsb,

1) ¢:¢0
cos’ g, - X> +(1—tan’ @,)-Y* +2sing, - ¥ =0

2 s 2
cos g, - X2 + 55D SNy g, v =0
cos” ¢,
Y
T
2 ==
) b 42 b, = Z_
sy a1 o ¥

2sing, 242

Fig. 6 Equi-angle of incidence
LA EDORERIT, WHAURCAATE I BV TR REF N TlliF & 72 D E OB E — 83 5 !
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5. B YT (Concluding remarks)
MoeEEd £ 0 BIgA D720 B T, —RITIFEHE VMO TWRWE SIZES, L,
AWFTE 7 — R THIAT L2 & 912, BROE GRITES) IR W TIIREAMZ “&” TH 5,
Z 2 TIE e s E ORBUT DWW TR EIZH L, UITE O~ OIS DWW THRE LT,
TIHIE,
(1)  HBUNTEEROEIT & 2 st
(Successive reflection by twisted mirrors)
(2)  HEOBULNIC KD ASEHOE
(The p-direction in the successive reflection by twisted mirrors)
(3)  FEBOLHR & £ D AK A
(Divergent light beam and their angles of incidence)
mETH D,
Mz Munsd e, DLEOfEEZ, ZZTRAMLIEL DI, WEBMHITITS 2Lk D,
I RIDEHET 2 0 | Z OB THAROIREV NEL D LI RGATHMTHE NN FETES I
MABH T 5 Z LN TE D,
PUOEEIISERE AT BV TREA T, HRCBERT 2L < DA “Wek” NEK, EHEhD
NP s (G
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